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ABSTRACT 

Supergravities are usually presented in a so-called 1.5 order formulation. Here we 
present a general scheme to derive pure 1 st order formulations of supergravities from 
the 1.5 order ones. The example of A/4 = 1 supergravity will be rederived and new 
results for A/4 = 2 and A/11 = 1 will be presented. 

It seems that beyond four dimensions the auxiliary fields introduced to obtain first 
order formulations of SUGRA theories do not admit supergeometrical transforma- 
tion laws at least before a full superfield treatment. On the other hand first order 
formalisms simplify eventually symmetry analysis and the study of dimensional re- 
ductions. 
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1 Introduction 



Since the discovery of the central importance of U-dualities to control the 
divergences of string theories p], [| |3| and of the duality between Large N 
super- Yang-Mills theory and AdS compactification of eleven dimensional su- 
pergravity [Q] the need for a better conceptual understanding of the latter 
has become rather urgent. The superspace approach is notoriously hard 
but component approaches are rather cumbersome, this is unsatisfactory as 
more miracles are being discovered [||. Finally the tensor calculus in 10 or 
11 dimensions is strongly restricted by supersymmetry so it is important to 
streamline the corresponding constraints for instance on allowed countert- 
erms and nonperturbative effects [||. M. 

The purpose of the present manuscript is to pursue the investigation 
of the general structure of supergravities in their first order formalism. In 
section 2, we will present a general method to derive first order formalisms. 
We will then treat the case of supergravities in general in section 3. The 
exemples of A/4 = 1, A/4 = 2 and An = 1 will then illustrate the procedure, 
sections 4, 5 and 6. 

A first order formalism for the three form of eleven dimensional super- 
gravity was recently developped independently and with a different tech- 
nique in ||, a first order formalism for the Lorentz connection in eleven 
dimensions had also been found in ||. However our approach is both to- 
tally general and in the lid case combines these two results in a nicely 
symmetrical fashion. 



2 From 1.5 to 1 order formalisms 

Supergravity theories are conveniently written in a 1.5 order formulation. 
It simply means that the Lagrangian is a 1 st order Lagrangian, namely 
the spin connection is to be varied as an independent field, but on the other 
hand its local supersymmetry transformation law is not required and usually 
not known explicitly. The invariance of the action is only established after 
extremisation over the connection flCfl . Both MacDowell and Mansouri 
and Chamseddine and West 12] checked that the transformation laws of 



Deser and Zumino 13] are geometrical up to the variation of the Lorentz 
connection, they went on to notice that using the latter's equation of motion 
it does not matter, this remark applies equally well to the second order action 
of Freedman, van Nieuwenhuizen and Ferrara [i~4|], this has been called 1.5 
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order formalism see for instance [10|. The group manifold approach in its 



original form or in the modified form of [15| does not suffice to obtain our 
complete results. 

The purpose of this section is to show a simple way to construct, from a 
1.5 formulation, a 1 st order formulation, namely, to give a local supersymme- 
try transformation law for the spin connection, that leaves the Lagrangian 
invariant. 

Let L{(p a ,uj l ) be a first order Lagrangian, which depends on some dy- 
namical fields ip a and on the auxiliary fields u/ (the spin connection in the 
case of (super) gravity). The latter fields can be eliminated algebraically by 
making use of their equations of motion, that is: 



. . dL 



o u/ = (i) 



We used the fact that the Lagrangian can be written (up to a surface term) 
as an analytic function of uj % but not of its derivatives. 

Due to the analyticity of the Lagrangian in the auxiliary fields, it is 
possible to perform a Taylor expansion around lo\. Defining Au/(cp, to) := 

— u^((p), we obtain^: 

L(</,u/) = L(<p a ,4) + ^^ Xl3 ^\J) (2) 

where 



tiVP ^ ) ■ 1^ (2 + n)! d^dujidu^ . . . &.A 

n=0 v 



Aw 81 . . . Ac/™ (3) 



Note that the term linear in Alu 1 in the Taylor expansion (|2|) vanishes iden- 
tically due to (H). 

Let us suppose now that the action J L(ip a , UJ2) is invariant, as a 2 nd order 
functional, under a gauge symmetry, given by = <>2<p a {<p)- Our purpose 
will now be to show that it is possible to define a transformation law 5± that 
extends this gauge invariance to the I s * order action Si J L((p a ,uj l ) = 0. Let 
us first define Si<p a for simplicity by: 

S llfi a := 6 2 <p a (4) 



2 We will use the Einstein summation convention for the ; indices (and not the De Witt 
one which includes spacetime integration). 
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We need now a transformation law for the auxiliary fields Siu 1 which, 
together with (||), leaves the 1 st order Lagrangian invariant. To proceed, 
let us vary the equation (0) with respect to <5i. Using equation (|j) and the 
gauge invariance of the 2 nd order Lagrangian under 62, we find that: 



8 x L{<p,u) = S x y ^ X^ = Au'Xij (61A1J + ^AJx^X^ (5) 

Where X 13 is the inverse of the matrix Xij. 

Now, the I s * order Lagrangian will be invariant under the variation Sx if 
we impose the vanishing of (||) (up to some total derivative) . This condition 
is implemented if the transformation law of the auxiliary fields is taken to 
be: 

<W = <5 2 u4 - ^Au; k X i3 8xX jk (6) 

This formula shows that the (I s * order) transformation law for the auxil- 
iary field US 1 is just the induced transformation law on u^j plus a term which 
vanishes modulo its equation of motion. This general result was presented 
in 1 16], without the explicit formula (]6|). 



In general, Xu depends on and some algebraic manipulations may 
be necessary to extract b\<jf from equation (|J). In the simple cases where 
the Lagrangian can be written (up to a surface term) as a polynomial of 
degree 2 in the auxiliary fields^], i.e. L = hJ'o^Xij (tp) — u> l Xi(ip) + Xo(ip) 
(with Xij (tp), Xi{ip) and Xo(<p) being arbitrary functionals of the remaining 
dynamical fields and their derivatives), the above equation @ reduces with 
the help of (|) to: 

6 1 u i = 6 2 ui(<p) + ~62X ij (<p)E j (7) 

This simple formula will be used in the following examples to find 1 st 
order super gravities. It provides a first solution to our problem. 

Sometimes however it is advisable to rewrite the transformation laws 
by making use of a twist, that is, a trivial gauge transformation in the 



3 This will be the case for all the applications treated here. 
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terminology of [[l?]] (see also |l6|). In fact we can always redefine: 

5^ a := Sw' + QTEifau) (8) 
<W := 81J -n ai E a {<p,u;) (9) 

or /and 

<W = <W + Z ij Ej (10) 

and similarly for the (f a 's. 

Then, 5\ is still a gauge symmetry of the I s * order Lagrangian (for any 
$l ai and any antisymmetric matrix H lJ = 3^). Note that the trivial gauge 
transformations (|8|4TQ|) are just the simplest examples (which will be enough 
for our present purpose). In fact, these formulas remain unchanged in the 
De Witt notation, ie with a spacetime integration in addition to the Einstein 
summation, see for example [17], [18]. 



This kind of twist will be used to simplify the form of 5np a . The examples 
of A/4 = 1, A/4 = 2 and A11 = 1 supergravities are treated in the following 
sections. Note that due to the symmetry of the matrix X lJ (see the definition 
(||)), the last term of equation (|7|) cannot be twisted away. 

We would like to conclude this section by the following observation: 
associated to a 2 nd order formulation, there are an infinite number of cor- 
responding 1.5 order theories. This is due to the fact that the choice of 
the auxiliary field is somewhat arbitrary. In fact, it is straightforward to 
verify that a redefinition of the type u? := lo 1 + f l (f), where f l {ip) is an 
arbitrary function of the fields ip a and eventually of their derivatives, does 
not change the associated 2 nd order theory. In the case of supergravities, 
there is a natural choice for the auxiliary gravitational connection which is 
the supercovariant ("hatted") connection (see below the origin of superco- 
variance in 1.5 formalism). The same is true for the supercovariant "hatted" 
field strength, if any, as we shall see below. 



3 The case of supergravities 

The purpose of this section is to apply the previous formulas to derive I s * 
order formulations for all supergravities from their 1.5 formulations. We 
indeed give a general formula for the supersymmetry variation of the con- 
nection for any supergravity in any dimension. Explicit calculations will 
then be given for the special cases of A/4 = 1, A/4 = 2 and An = 1 super- 
gravities in the next sections. 
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3.1 Generalities on supergravities 



The bosonic fields of supergravities are generically the one-form vierbein 
e a and eventually some (non)-Abelian p-forms A's. The auxiliary fields 
associated to e a and to the A's are respectively the one-form spin-connection 
uj a b and the (p + l)-form field strength F. Our aim is thus to compute the 
supersymmetry transformation laws for ui a b and F using formula (|^). This 
equation shows that the relevant part of the supergravity Lagrangian is the 
one quadratic in the auxiliary fields. For any supergravity this is: 

L sug (<p, u, F) = ~^R ab AS a6 -^FA*F+ other (11) 
Where R ab := du ab +u a r Au cb and S 0l ... Or := { 5 ^eai...a P a H -i...«z>e° r+1 A... Ae a " 



(see also [19] for notation and conventions). By other we mean the rest of 
our supergravity action which is at most linear in the spin connection and 
in the field strength. Here <p denotes all the remaining fields, i.e. those of 
the second order formalism. 

As a consequence of equation (|TT|), the Euler-Lagrange equations asso- 



ciated to the spin-connection can always be written as: 



J^Alfc-O (12) 

Where Aa; a fe = u a b — u;2 fe , u>2{,(¥>) being not an independent field but the 
unique connection which satisfies the equations of motion ([l^) . 



As the connection is an auxiliary field, the first equation (12) can be 
algebraically inverted for D > 3. In components, we find that: 

Where, 

(13) 



3.2 The supersymmetry transformation law of the connec- 
tion 

The 2 nd order supergravity Lagrangian L sug ((p, u>2, F2) is invariant under 
some local supersymmetry defined by its action on the non-auxiliary fields 



6 



namely 6 2 if. We derive now the supersymmetry transformation law of the 
spin-connection for the 1 st order Lagrangian. The case of the field strength 
will be treated in the next subsection. 

The method presented in the previous section to compute Siuj a b from (^) 
can be summarized as the following recipe: "Keep the part of the Lagrangian 
quadratic in the connection (namely the auxiliary field) . Replace u a b by the 
difference Au a b (defined after equation (|T^)) in this piece of the Lagrangian. 
Then, impose the vanishing of its variation under Si" . From (|TT|) , the only 
part of the supergravity Lagrangian which is proportional to the square 
of the connection u a b comes from the purely gravitational Einstein-Hilbert 
piece, namely u a c Au> cb AS a ft. Thus the previous recipe gives: 



St [Au a c AAu cb AS afe ) = 0, (14) 
and then, using assumption (0), 



5^ c [a AS b]c = 5 2 u c 2[a ( V ) AS b]c - \^\ a A5 2 S fe]c . (15) 
Note that S\u a b can be extracted from ( |i~5| ) using the matrix M given in 



(13). The result is: 



Sl^ab = S 2 UJ 2ab + £ (Ta,bc ~ ^c,ab + T btCa ) e C (16) 

where we defined T c>ab := ^2Vc[ a T d b]d + f cab with f ^ ab := 5 2 e d p Auj u c [a 5^ c d- 

Of course, the above result can also be obtained straightforwardly from 
equation (0). 

3.3 The supersymmetry transformation law for the field strength 

If the supergravity Lagrangian depends also on some (non)-Abelian p-form 
A, we may wish to give a supersymmetry transformation law for the asso- 
ciated auxiliary field, namely the field strength F . Using equation ( |TT| ) in 
(||), this transformation law follows from (see also the recipe given in the 
previous example): 

- -Si (AF A*AF) = (17) 

with AF = F—F 2 , F 2 (<p) being the induced field strength constructed from 
the dynamical fields (p (for instance F 2 = dA + . . .) through the equation 



of motion: 



fiLsug 



sF 



= 0. 

F=F 2 
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Equation ( |i~7| ) gives the transformation law for F: 

<5iF = 5 2 F 2 + 5 2 e a Ai a AF - -^AF (18) 

2e 

where i a denotes the interior product with respect to the vector field 
(the inverse of the vierbein form e a = e^dx^) and e the determinant of the 
vierbein. 

To summarize: a 1 st order formulation of any supergravity with a 1.5 
order action is given by the transformation laws (Q), (|l6|) and (18). 



3.4 Some useful trivial transformations 

It may be preferable to rewrite the transformation laws in a simpler form 
by twisting them slightly. The transformation law for the gravitino can be 
generically written as: 

Sitj} := D 2 e + more (19) 

where D 2 is the covariant derivative constructed with the induced connec- 
tion u>2 b and more is the remaining part of the supersymmetry transfor- 
mation law, which does not contain any derivative of the transformation 
parameter e. 

Let us then define a new transformation law for the gravitino (and for the 
connection) , which differs from (|l9| ) by a term proportional to the equations 
of motion of u a b fli~2| ) (this makes the Lorentz covariance more obvious with 
D 2 — > D, D being the covariant derivative defined by the connection uJ a b ). 



5^ ■= 5^ - eAu ab ^ = De + more (20) 
~5iu> ab := 5iu ab + Cl ab (21) 

and 5i (other fields) := 5\ (other fields). 

Here Q ab is the one form given as in equation (|9|). A direct way to 

compute it explicitly is the following: ft ab has to be such that ft ab A %rj£tr ~ 

eAu ab ^- A = 0- Using the equation of motion of the connection (|12D, 

we find that: 

n V^ = -y^^ (22) 
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This kind of twist may sometimes significantly simplify the final expression 
for the connection transformation law. 

Finally, if the transformation law of the gravitino ( p^ ) depends on the 
induced field strength F2, it is again possible to twist it in a similar way 
by adding some trivial gauge transformation proportional to the equation of 
motion of the field strength. The net result would be the change F2 — ► F 
in (0). 



4 The 1 st order A/4 = 1 supergravity 

As a first example let us now derive (systematically) the old result of Deser 
and Zumino [|l3| for the A/4 = 1 supergravity in 4 dimensions. Let us first 
use the general method of the previous section. That is, starting from a 1.5 
formulation we will derive the connection supersymmetry transformation 
law and improve it by adding a trivial gauge transformation. In the last 
subsection we shall present a new method to obtain the same result in a 
more straightforward way. We shall use this method in the next sections to 
treat both the A/4 = 2 and the An = 1 supergravities. 

4.1 The Lagrangian and the equations of motion 

Let us start with the I s * order Lagrangian of A/4 = 1 supergravity 4 (as given 
by the so-called 1.5 formalism): 

L x = ~-^R ab AS a6 + A 7 5 7(1) ADiP (23) 

Where 7 (1) := 7 a e a , Dip := dip + ^u: ab Aip with 7 ai ... 0r := 7 [ai . . . 7 ar ] 
and the definitions of R ab and H a b were given in the previous section. The 
equations of motion corresponding to Lagrangian (p3|) are: 



^ = -^2^ ASta - ^7 5 7a ADV = (24) 
^ = i 7 5 7(i) ADip - l -^ la (@ a - AV> J A 1/7 = (25) 



The conventions are the following (see also appendix A): r/ a = { — , +, +, +}, £0123 = 1, 
7" are four real Majorana matrices, j 5 = 7°7 1 7 2 7 3 , (7 s ) = —1, 4k 2 = 16tyG, G being 
the Newton constant. 
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' )Ll 1 ( - ^-jrf Ai/A A£ afec = (26) 



8u ab An 2 \ 2 



with e a := de a + u\ Ae b . 



I 

4 

vanishes identically after a Fierz rearrangement. It has been however added 



Note that the very last term of equation (p5j), namely —^^Jaip A(i/>7 a Ai/>), 



to (25) to emphasize the vanishing of the sum of the last two terms after 



making use of the equations of motion of the connection (|26j) . 

4.2 The supersymmetry transformation law 

The Lagrangian (|23|) is invariant under local supersymmetry as a 2 nd order 



functional of e a and ip. That is, if we use the equations of motion of the 
connection u ab , the following transformation laws leave the action invariant: 

8 2 ^ = D 2 e = de-eu;¥(e,il>)^ (27) 

8 2 e a = iK 2 e 7 > (28) 

A purely I s * order symmetry of supergravity is defined by 5\e a := 52e a 
and 8\xj) := 82^, plus the supersymmetry transformation law for the con- 



nection given by (15). Using the fact that o;^ identically satisfies equation 
(p6T) , we can compute 8iU2 b {e a , ip) in a simple way. Equation (15) becomes 
after some algebra: 



in 2 



5icj c [a AS fe]c = -— -e 7 c I>V AS afec - A ab + B ab + C ab (29) 



where we defined, 



i-ab 



\^ c d Ae d A8 2 V abc (30) 



IK 2 



B ab ■= — e 7 7[aAcj b]c Ae c AtP (31) 

C ab ■■= ^-£7 5 7 AA^ af , (32) 

Note that we just found an explicit expression for 8\ijJ c ^ a AS fe ] c , which 
can (always) be inverted (as equation (|l2|)) in any spacetime dimension 
D > 3 using the matrix (|l3|). Finally, we see from (2£) that there is no 



term proportional to the derivative of the gauge parameter (namely de) in 
the transformation law of the connection (in other words the connection 
remains supercovariant). This is due to two facts: 
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• The induced connection u>2 b (e, ?/>) was in this case effortlessly super- 
covariant, its supercovariance is still obscure though and it may seem 
that it is a four-dimensional accident [jlC| J; more precisely it is only in 
four dimensions that one may require simultaneously the independence 
of the connection and the absence of fermionic quartic terms in the 
action, in fact here we shall always use the supercovariant connection 
as the independent variable by using the freedom mentioned at the 
end of section 2. 



• The last term of the rhs of (|lq) (or of fllq)) is also supercovariant 
since it depends on e only through ^e" (which is independent of d^e, 
see (|D). 

We may pause at this stage to reflect on the general structure of su- 
persymmetry transformation laws. The anticommutator of two of them 
gives a diffeomorphism consequently one has the typical multiplet structure 
(B, F, A) with B bosonic, F fermionic and A auxiliary ie nonpropagating 
fields. Their variations are schematically 

5B oc F (33) 
5F oc A + dB (34) 
SA oc dF (35) 

If one insists on a geometrical approach one is led to replace the term 
dB by the Lorentz connection in the case of the graviton multiplet but this 
uses the equation of motion for the connection so first order formalisms 
and offshell supersymmetry algebra are somewhat antinomic. (W. Siegel 
informed us recently that he has made progress on this issue). 

Nevertheless supercovariance is useful to compute the superpotential cor- 
responding to the supersymmetry gauge invariance in 1 st order formalism, 
see |(J. 

At this point the definition of 5\u: ah given by (|29|) , together with (p^-|28|) 
provide a I s * order formulation of supergravity. It is however preferable to 
add two trivial gauge transformations to simplify the previous expressions: 



1. The last term of equation fl29|), namely C a b (32), can be eliminated. 



In fact it corresponds to a trivial gauge transformation of the type 



lOj) . This can be checked as follows: due to equation (12), we have 



that 5^ A-^ = -^zAu ab A^cj c a AS k . Then, C ab contributes 
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with a term proportional to Au ab AAu ab , which vanishes identically 
(the connection is a one- form). 

2. The second trivial gauge transformation was explained in subsection 



3.4 through equations (|l9|-f22j). It allows to rewrite the gravitino trans- 
formation law in terms of the 1 st order covariant derivative D (instead 
of D 2 ): 



Slip := De (36) 
5icj ab := 5 1 u ab + ft ab (37) 

The one-form tt ab is computed from ([22] ) using the gravitino equation 
of motion (^). After some rearrangement, we find that: 



ft c r„ AS 



b]c 



-IK 



J e7 7[ a e 6 ] ALty + — e <y c DiJ> AS flk + A ab - B ab 

(38) 

Where A ab and B ab were respectively defined in ( |30| ) and (|3l|). 

The twisted I s * order supersymmetric variation of the connection is 
then given simply by combining (21) together with (29) and (|38|): 



AS 



b]c 



-IK 



(39) 



Note that all the terms proportional to the equations of motion of the 
connection (through Au ab ), namely A ab and B ab disappear. 



One finally recovers the old result of Deser and Zumino [13| after 



inverting (39) using the matrix (p~3|) (as for (|12|)): 



5iu ah = 2ik £7 ( 7(1)*^ 



(40) 



where *ip 



fJtU 



2 C^upa 



Thus, the first order formulation of A/4 = 1 supergravity is given by the 
Lagrangian (2^) and the locally supersymmetric transformation laws (pq) , 
(|36l) and (^0) (or in a less aesthetical way by (p7|) , (|2g|) and (|29|)). But 
the relative simplicity of (f40|) (comparable to that of 52^2 3 {e,ij))) remains 
mysterious. 
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4.3 A new method 



Our idea now is to formulate better the choice of the twist (trivial gauge 
transformation) and then to rewrite the equation for 5iu ab . Geometrically, 
one would like to keep (^) and ( |36|) and find the 5\u: ab of ([!(]) in a more 
straightforward and less surprising way. 

Let us begin with a general discussion: suppose that our Lagrangian is 
invariant under a gauge symmetry given by: 



= de^K+e^ a (4i) 

where cf) 1 is now a j)j-form which goes for all the fields (even auxiliary) of 
the theory. 

Moreover, we suppose that the theory is a first order one, in the sense 
that 5^4> l and E% := depend on cj> 1 and dcj) 1 (and no more derivatives of 

the fields). Let us now define the (D — l)-form: 

W t := eK (42) 
Then, the following identity holds (offshell of course): 

5W f d 



5<? ddcf) 1 



8t4P AEj) (43) 



where Aj = A* - {-) n d- 



s<f> 1 d<p K ' dd4>' 

The proof is given in [[H]] (see also [18]). The point is now that the 



identity © can be used to compute straightforwardly from 5\e a and 

Sitp. Before starting concrete calculations, we will comment on the general 
meaning of equation (|43|). 

There is a fundamental reason why ( fi"3|) is a useful formula for computing 
transformation laws. In fact, it is the Lagrangian (covariant) version of a 
standard formula of Hamiltonian formalism. Namely in the Hamiltonian 
formalism, a transformation law 5^& I can be computed from the charge 
and the symplectic structure Q,u by the following formula: 

6t* I = {Qt,* I } pB (44) 

where now are phase space fields. The Poisson bracket (PB) is defined 
by the inverse of the symplectic structure by {, } := A-t^ IJ 
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Then, equation ( [44] ) can be rewritten as: 

S^ J Qj! (45) 



Although ( p3| ) and ( f45|) look different, they are in some way analogous. 
First of all the lhs of ( f43|) is nothing but the Euler-Lagrange variation of 
the Noether current Jg (and so the local covariant version of of (ff5|)). 
This is a direct consequence of the fact that Jg = + dU (U being 
the superpotential) [13]. Now, the rhs of (03) contains two terms. The 



first one, 8^ A ^; Ej, corresponds to S^OrTl ji of (|45|). In fact, ^ ^ £7j 
is antisymmetric in i and j and is a local version (non integrated) of the 



Witten-Crnkovic-Zuckerman 2-form [£^](see [21], |18[ ) times 5£</> J . The sec- 



ond term, namely T^jjf ^zft ^^j, vanishes on-shell. It is not so disturbing 

to find such an additional contribution in our covariant formulas since it also 
exists in the Hamiltonian formalism; in fact, the equivalence between (EJ|) 
and the symmetry of the original action is only up to some identifications 
of the type "q = p" . In our case, this kind of identifications are part of the 
equations of motion (1 st order theories). 



Let us come back to our A/4 = 1 supergravity and use the identity 
to compute the supersymmetry transformation law of the connection. First 
of all, we will comment on the following points derived in previous sections: 

• By using some trivial gauge transformation, it is always possible 
to rewrite the supersymmetry transformation law of the gravitino in 
such a way that it depends on the independent field u ab instead of 
the induced auxiliary field (¥>)• The mathematical consequence of 

this twist is that now ff 1 !^ = (see the definition (BH)). That was 
obviously false for 82 1/> of (|27|). 



• The induced connexion u^i^p) has been chosen to be supercovari- 
ant in the sense that its supersymmetry variation does not depend on 
the derivative of the gauge parameter e. In that case, the independent 
connexion u ab will also be supercovariant. This is a consequence of the 
general result (15-1^) (itself following rather strong hypothesis on the 



gravitational kinetic term) and of the fact that both the supersym- 



metry transformation law of the vierbein (28) and the trivial gauge 
transformations (|2l||2^) do not depend on the derivative of the gauge 
parameter d^e. 
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Two conclusions followed: 



1. there should exist some 5iu ab , which, together with 5i~ip = De and 
5\e a = iK^e^ip, leave the supergravity action (S3) invariant. 



2. this 5\u) ab does not depend on the derivatives of the parameter e. 



We are now ready to use the identity (f43|). From the previous discus- 
sion, the gravitino is the only field whose supersymmetry transformation 
law depends on the derivative of e. Thus, the definitions ( ]4l| ) and (42) give: 



Mi 

Replacing the equation ( f25| ) in the above expression, we compute: 
5W~ f 



-e7°7 a D-0 - -De AY-y a tp 



5e a 2"' T 2" 
According to the identity (03), this expression is equal to 







dde a 



5e 



5tp 



5L ± 

cd 



5uj 



(46) 



(47) 



(48) 



Using the known expressions for 5\e b d28|), Sirp ( |3(f ) (which do not de- 
pend on the derivatives of the vierbein, see the first comment above) and 
the equations of motion (24-25), our expression becomes: 



Stu; cd A 



5Li \ 



5u cd ) 



So equations (|47|) and (|49|) (together with (|43|)) imply: 



g 
<9cZe a 



A 



(49) 



(50) 



This kind of equation will reappear in a more complicated form in the 
case of A/4 = 2 or J\fu = 1 supergravities, that is why we shall now investi- 
gate it in general. Let us denote by lj % the auxiliary fields, E{ their associated 
equations of motion and by x a the de ai s (thus a stands for two spacetime 
indices and one Lorentz index). Then, equation ( |50|) can be rewritten as: 

d a (5^%) = R a (51) 



15 



In our case, the equations E\ are linear in x a (that is, the equations 
of the connection are linear in the derivatives of the vierbeins). The x a 
dependence can be expressed as E\ = Ei a x a + EiQ. On the other hand from 
(|50|) one reads that R a is independent of x a . In that case, we can choose 
5iuj l to be also independent of x a , and then ( |5l| ) implies that: 

Sx^Eia = R a (52) 

We used the word choose because ( |5l| ) determines 5iuj' l only up to some 
trivial gauge symmetry of the type (|T0|), which can eventually depend on 
x a . The important point is that 5\iv l independent of x a is consistent with 
(|50D . The last step is to invert equation ( |52"D to extract 5\uj % . In our case, 
this is possible because the indices i and a have the same dimension, namely 
— ^2 — ■ This is due to the fact that u and e a are, in a covariant sense, 
canonically conjugate fields. 

Thus, using the first identity of (]26|), we can find a solution for 5±uj cd 
(from (H)): 

- -L 5^ AS ad = U^ la D^ (53) 

This last equation is equivalent to (|3^). This can be checked by "wedg- 
ing" the above expression with and antisymmetrising in the a and b 
indices. Then, it can be inverted to extract 5iu> ab . The result is of course 
again given by (f4C|). 

This new method will be used in the following sections to treat the 
A/4 = 2 and M%\ = 1 super gravities. 

5 I s * order formalism for A/4 = 2 supergravity 

Contrary to the A/4 = 1 case, there seems to be no published first order 
formalism for A/4 = 2 supergravity. We will give it here. 

5.1 The I s * order Lagrangian 

The Lagrangian of A/4 = 2 supergravity in D=4 dimensions depends on 
the one-form vierbein e a , the associated one-form so(l,3) (spin) connection 
u a b , two Rarita-Schwinger Majorana spinor-one- forms the gravitinos tp A 
(A = 1,2 is the internal global SO(2) R-symmetry index) and one Abelian 
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one-form gauge connection, the photon A, and its associated field strength 
F. The 4-form Lagrangian is given by0 [|Tc| ] : 

L 2 = ~^R ab AS a6 + % -^ A A 7 5 7 ( i) ADii> A - A*F 

+ (*F - b) A (eL4 - a) - -a A6 (54) 
with the definitions 

a := A^ b := |^ a7 5 A</> B (55) 

Notations, conventions and useful formulas can be found in appendix A. 
Moreover, the * symbol refers to standard Hodge-duality. 

The equations of motion of ( 154}) are: 



5L 2 



R bc AS 6m - -</> A7 °7a ADiP a + r a = (56) 



5e a 4k 2 ° ca 2 

<)L - ~ i^ (1) AD^ A -^ 5 la ^ A A(@ a -^ Bl a A^ 



+ine A B ^^ B A(F — dA + a) = (57) 
d(*F-b) = (58) 



,2 



<5^a 
5A 

= -^( 0C -^7 c A^j AS ak = (59) 

^ = * (dA — a — F) = (60) 
or 

Let us comment the above equations: 



• The last term in the rhs of (|56|), namely r a , denotes the electromag- 
netic energy-momentum tensor and is given^Jby r a = -^-(*F A(dA — 
a -IF)). 



5 The conventions are the same as for the previous subsection (see also appendix A) 
together with the antisymmetric SO(2)-invariant tensor e\ = — £ 2 1 = 1 and e A c e c B = 
-5 B . 

6 A more explicit formula can be given for r a by using that q^(F A*G) — 
(-) P F Ai a (*G) - i a F A*G, for F and G any p-forms independent of e a , see H, M. 
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• The supercovariant derivative appearing in the gravitini's equa- 
tions of motion @ is defined by: Dip A := Dtp A - %e A B (F a -y a + 
*F a7 a 7 5 ) A^ B , with F a := i &a F = F ab e b and *F a := ie a (*F) = 
{*F)ab£ b - To compute the result (|57|), the following two identities are 
useful: 

the Fierz rearrangement 

la ^ A A^ Bl a A^ B )+e A B ^ B A(e c D ^ c A^ D )+e A Bl H B A(e c D ^ 7 5 A</> D ) = 



a supercovariant derivative identity 



IK 




vanish by making use of the 



Note also that the last two terms of 
auxiliary fields equations of motion 

• The unique solution to the field strength equation of motion, namely 
Fi = dA — a is the so-called supercovariant field strength, in the sense 
that its induced supersymmetry transformation law (see equations ( |6l|- 
|63|) below) does not depend on the derivatives of the gauge parameter]] 
e. If we eliminate the auxiliary field F, we recover the so-called "I s *" 
order formulation, where the gravitational part of the Lagrangian is 
really I s * order whereas the Maxwell part is not. 

• The Bianchi identity and equation of motion for the U(l) gauge 
field read symmetrically: d(F% + a) = and d(*F2 — b) = 0. The 
supercovariantisation term in the field strength is dual to the fermionic 
"source" in its equation of motion. Both quadratic expressions in the 
fermions should be rewritten (using the transformation rules given in 
the next section) as part of supercovariant differentiation. 



5.2 The supersymmetry transformation laws 

The 2 nd order La grangian which is obtained from (|54|) after eliminating the 
auxiliary fields u ab and F is invariant under the following supersymmetry 
transformation laws: 

7 The same happens for the induced spin connexion as in the A/4 = 1 case, namely it is 
already supercovariant. 
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A 

5 2 e a 
5 2 A 



D 2 e A ■= D 2 e A 

iK 2 eAl""4> A 

A — i R 
IKE B e AW 



^e B A e B {F 2al a - *F 2a7 V) 



(61) 

(62) 
(63) 



As before, the index 2 in the rhs of ( |61| ) indicates that the auxiliary fields 
are the induced ones, namely D 2 = D(u2 b (e, -0)) and F 2 = dA — a. 

The purpose is now to extend the 2 nd order supersymmetry transfor- 
mation laws (31-63) to the I s * order Lagrangian (|54|). To proceed, we will 



use the new method presented in section |4.3| . Let us first emphasize three 
points: 



1. 



We can already give a I s * order formulation for the A/4 = 2 super- 
gravity by 61^ A = S 2 tj) A , Sie a = 5 2 e a , 5\A = 5 2 A (equation @) and 
by equations (|l6|) and (|l^) for the transformation law of the auxiliary 
fields. 

2. For our choice of action the induced auxiliary fields u?! and F 2 are 
supercovariants, in the sense that their supersymmetry transforma- 
tion laws (induced by (|6l|-63)) do not contain derivatives of the gauge 
parameter (i.e. no terms proportional to d^e). 

3. There should exist some transformation laws 5\u ab and 5\F which, 
together with 



61 A 



De A 

S 2 e a 
5 2 A 



(64) 
(65) 
(66) 



leave the Lagrangian fl54]) invariant (up to some surface term). In fact, 
61 differ from the 5± (see the above point 1.) by some trivial gauge 
transformations (which allow 

type (l-l). 



To compute simultaneously 5iUJ ab and 5\F, we will use the identity (| 
First of all, these two transformation laws will differ from b 2 u^ and 5 2 F 2 by 
some terms which are proportional to e (and which vanish on-shell). Thus 
the gravitini are the only fields whose supersymmetry transformation law 
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contains terms proportional to d^e. In that case, the (D — l)-form defined 
by (|42|) becomes: 



5L 2 



(67) 



Using then the first identity in (57), we can compute the following (D 
2)-forms: 



5e a 



5A 



2 e A flaDil> A - -De A A-fla^T ~ iK ~Q^ Ae A £ (68) 
-i«d (e^e W) = (e A £ W) (69) 



Following the identity (f43|), these equations have to be equal respectively 

to and to MA ' where ^ goes for a11 the 

fields (even auxiliary). Using now (|5q-58) together with (|S4-|66), the pair of 
equations (|68|-|&9|) has to be equal to: 



(68) 



* ? i 5 ,a p A dd*F 



+ 







dde a 



5!U cd A— —, + b\F A " 



5u cd 



5F 



5ie b A^-^ - iKbx^ A Ae A B ~f 5 tp B 



de b 



+ 







ddA 



S^A^ + hF A^ 
5F 



5u cd 



(70) 



(71) 



Using now that = and the explicit expressions for 5\e a , 

5±tp A et 8\A we get from the previous two equations: 



(5icj 6c( A— 4 + JiF A - 



<9de a 



<5F 



ddA 



Su} 



5F 



% A ( 7 5 F a + *F a ) As A B ^ B 



+-eA7 5 7aDip A 



(72) 



iKl A e A B fDi\) B + 5ie a A*F a 



~5ie b A 



<9*F 



(73) 
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Now the unknown quantities in the above equations are 5\u cd and 5\F. 



To find them, we can remark that the pair of equations (72-73) is a special 
case of where now the variable x a goes for de a and dA and to 1 for 
u> ab and F. As in the A/4 = 1 case, we see from (^-|73|) that Ei and R a 
are respectively linear and independent of x a . We can then choose <5ik/ to 
be independent of x a (see discussion after equation (|5ll)). In that case, the 



pair (72-73) becomes after some algebra: 

Ak z 2 

-™e A (f 6c - 7 5 *F fcc ) e A B ^ B AS ak (74) 

l x (*F) - 5ie a A*F a = -iKe A e A B j 5 Dtp B (75) 

The last steep is to isolate 8iu) ab and <5i-F from (]74]-[7^). The lhs and 
the first term of the rhs of (^) are analogous to the result ( |53"1) of A/4 = 1 
supergravity. Then it can be inverted using the matrix (]T3|), giving three 
terms analogous to the Deser-Zumino ones. The second term of the rhs of 
fl74} ) is proportional to T, abc (as the lhs) and thus does not require any more 
work: 

5iu ab = 2iK 2 e7 5 ^7(i)*^a6 - ^e a j c *ip cb + ^e b j c *^ca^j 

+iK 3 e A (F ab - ^*F ab ) e A B ip B (76) 

where *-tj)^ v = \e^ pa b p ^ a and *F pu := le^p^Ff" 7 . 

To invert the second equation we use the identity: 5 (*F)—5e a A*F a 
* (5F — 5e a AF a ), which can be proved straightforwardly, see also [18]. 
Then equation ( |75[ ) implies that: 

SxF = iKl A e A Bl b * [t)ip B ) + ~5ie a AF a (77) 



Thus, the 1 st order A/4 = 2 Lagrangian ( |54"|) is invariant under the su- 
persymmetry transformation laws given by ([34 -[36), (76) and (|77|). 

It is interesting to note that using the new method it is possible to find 
a nice formula for the supersymmetry transformation laws, in the sense that 
they depend on the independent auxiliary fields (namely u ab and F) and 
not on the induced auxiliary fields (namely and F2 or de a and dA). 
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This aesthetical criterion was the motivation for looking for a new method 
in section L3, and not simply stop with the general results @, (|l6|) and 
(|l8|). In the next example, namely the A/n = 1 supergravity, we will prove 



that such an "aesthetical" result does not exist. 



6 1 st order formalism for A/n = 1 supergravity 
6.1 The I s * order Lagrangian 

The five basic fields of the I s * order eleven dimensional supergravity are 
the one-form vierbein e a , the so(l,10) one-form (spin) connection u) a b , the 
Rarita-Schwinger one-form i{> and the three-form tensor A = ^ A^ up dx^ Adx u Adx p 
and its associated field strength F = ^F^ upa dx^ Adx u Adx p Ada. The 
eleven-form Lagrangian can be rewritten as^|: 



L u = ~^R ab AEoj, + A7( 8 ) /\DiP + l -\® a - ^-V>7 a A^j Ae a A 7 ( 6 ) At/> 

1 Ik 

— F A*F + (*F + b) A {dA - a) + -a Ab A Ad A AdA (78) 

2 2 3 

with the definitions: 

a := — V A7 (2) 6 := — ^ A7 (5) A^ (79) 

We also defined 7( n ) := ^r7(i) A7 ( - 1 ) A . . . A7( 1 ) (n times). The nota- 
tions and conventions are the same as in the previous subsections, general- 
ized straightforwardly to eleven dimensions^]. The equations of motion for 
( |78| ) are given by: 



8 Note that (|7|) (whose gravitational part was first proposed in ||) differs slightly from 
the original formulation of eleven dimensional supergravity of |Q : In fact ( f78| ) is just the 
standard Lagrangian reexpressed in terms of the new connection uj a b . This connection, as 
an independent variable, is not the independent connection of [^4| but is shifted in such a 
way that its induced value is what was called in that paper uj a b . In this form, the equations 
of motion of the connectio n (|S3|) are automatically supercovariant, in the sense that their 
supersymmetry variation ( |S7| - |89| ) does not contain the derivative of the gauge parameter. 
Finally, Lu of ((7^) is a complete I s * order formulation, with the four form also treated as 
an independent field. We should emphasize that the use of a supercovariant connection is 
a technical help not a fundamental requirement in this work. 

9 Namely 7°7 1 . . . 7 10 = 1 = £01. ..10 and r\ ah = { — , +,..., +}, see also appendix A. 
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= ~^ RbC A ^ca~^ A(2 7(7)a +e a A 7(6) ) AD^, 

+ l -& b A ( 7 ( 6 )%, + 7(5)(a Ac 6) ) A^> + r a = (80) 
5L\\ . , i/c 



»7(8) A£> ^ - y 7(5) A</> A (F - dA + a) 
+ I ( ^ " IT^ 7 " A ^ ) A ( 27 ^ a " 7 ^ A6a ) A ^ = Q(81) 



5L 



n 



5A 



d (*F + b) - KdA AdA = (82) 



-2 



= -S?( e °-T*''" A *J AE - = ° (83) 

= * (dA - a - F) = (84) 

oF 

where we also used the shorthand notation defined by fllOlj ). 
Some additional comments are needed: 

• The Lagrangian ( |78|) can be rewritten (up to a surface term) in the 
following suggestive form: 

1 



m ~ _ T~2 



^#u a Au a + (#^ a + (3 a ) A (de a - a a ) + A/3 a 



1 — 

+ A 7(8) 



1 Ik 

— F A*F + (*F + b) A (dA - a) + -a A& A AdA AdA (85) 

2 2 3 

where we defined uj a := u a b Ae b , #a^ a := u> bc Al] a ft c and 

■ 2 -2 

a a := ^-^7 a A-0 /3 a := ~\^a A^> A 7(6) At/> (86) 

Note that the # operation is up to a trace, a Hodge-duality operator: 
from the definitions, #oj a = *(u; a + e b Ai a Ub — 2e a Ai^u; 6 ). 

• The energy-momentum tensor of (l80|) is given by T a = t^L- (*F + b) AdA+ 

_d_ 

de 



- (-*F Aa - \F A*F + fJV A 7(1) A</> A^ A 7(6) A</>). 



• The "supercovariant-hatted" derivative was derived in j24j and is 
given by: Dip := Dtp - ^ (jabcde + %lbcdriea) e a F bcde Aip. The equa- 
tion of motion (pip can be computed only after making use of 
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a Fierz rearrangement: 

4 7( 7 )a M> A(^7 a A</>)+7(i) A(V> A 7(6) A</>)-7( 6 ) A</> A7 (1) A</>) + 
7(5) A^ A(V> A7 (2 ) A^) - 7 ( 2) A-0 A(^ A7 (5) Aij>) = 
a supercovariant derivative identity: 

i 1& A£>V = h 8 A£>V + f (7(5) A-F + 7(2) A*f) A</>. 

As usual, the last two terms in the rhs of (^T|) vanish if the equations 
of motion of the auxiliary fields iv ab and F are used. 

• We fixed the action in such a way that the induced auxiliary fields 
Urf and F2 (computed as the only solutions of (|83|-jS4T)) are superco- 
variants, in the sense that their supersymmetry transformation laws 
(induced by (|87| - ^9|) ) do not contain the derivatives of the gauge pa- 
rameter e. Note however that we paid a price for this, namely we 
changed the quartic fermionic terms which seem unavoidable beyond 
4 dimensions for pure supergravities. In the previous example the 
graviphoton did also cause such a complication. 



6.2 The supersymmetry transformation law 



The Lagrangian ((7^) is invariant in a 2 nd order sense (ie after using freely 
the auxiliary fields equations of motion) under the following supersymmetry 
transformation laws: 



5 2 *l> = D 2 e:=D 2 e + -^ I e{ labcde -S lbcd 7 lea )e a F 2 bcde (87) 



§ 2 e a = i^e^ip 
hA = ye 7(2) A</> (89) 

As before, a I s * order formulation of eleven dimensional supergravity is 
given by equations (|S7|-|8"9|) (following (Q)), and by equations ( |l6| ) and ( |l8| ) 
for the auxiliary fields. In a more explicit way, these are: 



&\Uab = ~iK 2 e (jcfaab + la^2cb ~ lbi>2ca) B ° + o ( T a,bc ~ T^ ab + T b , ca ) e C 
■ 3 

+^-e(7a6 Cl ... C4 + 2477 aci7 7 6c2 7 C3C4 ) F 2 Cl - C4 </> (90) 
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where ip 2a t '■= D 2 [ a fpb] an d D 2 is the 2 order supercovariant derivative 
constructed with the induced auxiliary fields, namely u>2 an d F 2 , see (87). 



Moreover, the tensor T a ^ c (which vanishes modulo the equation of motion 
of the connection) was defined just after equation (|T6|). 

The transformation law for the field strength can also be computed fol- 
lowing equation (|l8|). The final result is0: 

6xF = ^e 7(2 ) AD 2 iJ> + 5 2 e a Ai a F - -j^AF (91) 

with e the determinant of the vielbein. 

A I s * order formulation for the gravitational part of eleven-dimensional 
supergravity was first derived in ||, it did not treat however the four form 
field strength as an independent field. It differs from (|87|-p0|) by some trivial 
gauge transformation of the type ( p2j) (t o see how to proceed, it is enough 
to follow the method given in section |4.2| ) . We could also add another trivial 
gauge transformation to replace the F 2 by F in (|37|), and then D 2 by D. 
The net result would be to add a contribution to ( pip proportional to the 
equations of motion of the gravitino. 

It is not obvious at all that the final expressions for 5iu ab and 5\F 
would be simpler or "more geometrical" after adding these trivial gauge 
transformations. The question we would like to answer is thus to know 
whether there exists some appropriate trivial gauge transformation, which, 
added to ( |S7"H9"T| ) , gives as "nice" a result as in the A/4 = 2 supergravity 
case(|7|-0). 

By "nice" we mean the following: we know (from the new method of sec- 
tion |4]3|) that there exist transformation laws 5\u: ab and 5\F which, together 
with 

(92) 
(93) 
(94) 

leave the Lagrangian ( |78|) invariant. 

A "nice" formula would be one where these 5\u ab and 5\F would be 
independent of de a (ie independent of Au ab ) and of dA (ie independent 

10 To find the result we need the following eleven-dimensional Fierz identity: 

j a ip Aip A7( 1 - )a Ai/> + 7(i) a Ai/' Atp"/ a Ai/> = 0, which can be proved using the general 
formula ( |l06| ) with ip 1 = i/>, tp 2 = rp and %p 3 — ~fm a Aip for the first term and rp 1 = %p, 
"4> 2 = an( i ^3 ~ 7a,ip for the second one. 





:= De 


5 ie a 


:= 8 2 e a 


5iA 


:= 5 2 A 
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of AF) respectively. We will end this section by giving strong arguments 
supporting the idea that such a "nice" formula does not exist. 

As in previous examples, the (D — l)-form defined by (^2|) is given by 
formula ©0. Now, using the gravitino's equation of motion (|8l|), we can 



compute the eleven dimensional version of the pair of equations (38-69): 



-g^T = ( 2 7( 7 )a + e a A7 (6 ) ) ^Dxjj + -De (2 7(7)a - e a A 7(6) ) A^ 

-^0 fe e (r]abl{&) + 7(5)(a Ae 6)) + ye7 (4)a A-0 AdA + mor<95) 

-JZ- = y^( e -7( 5 )A^) (96) 

where "more" goes for terms proportional to e?/? 3 and eipF and useless for 
our purpose. 

Using the identity ([||), the equations (95 -p6) are respectively equal to: 



~W A (2 7(7)a - e a A 7(6) ) V + more + ^ + 5.F A^) (97) 

y A 7 ( 5 ) A</> - 2k8\A AdA + more + ^ (^u; cd A^g + 5\F A^j (98) 

and "more" has the same meaning as before. 

The above two equalities are a special case of the general equation (|5l|), 
where x a goes for de a and dA and a/ for uj ab and -F. As before, the auxiliary 



field equations of motion (|83f]8j) E{ are linear in x a (namely in de a and dA), 
ie Ei = Ei a x a + EiQ. The very big difference with the four dimensional 
supergravities is that now R a is also linear in (and not independent of) x a 
(by rearranging of equations (|95|-|9S|)), R a = R a /3X^ + R a o- That means 
that 5\lo 1 cannot be independent of x a . Instead, we can choose it to be 
linear in this variable x a . The practical reasons for that annoying feature 
are the gammalogy beyond four dimensions and also the presence of the 
Chern-Simons term. 

This means in particular that 5iu) ab are linear in de a , and then in u}?i b 
(it is always possible to rewrite the derivative of the vierbein in term of the 
induced connection). So it will be impossible to rewrite 5\uj ab in a "nice" 



way (nicer than the straightforward result given by (87-91)), in the sense 



11 Remember that if the induced auxiliary fields are supercovariants, so are the auxiliary 
fields themselves, and then, only the gravitino transformation law contains de-terms. 
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that only the independent auxiliary field appears in the transformation laws 
and not the induced one. The same is true for F and dA. 

This problem seems to appear as soon as we go beyond 4 dimensions. 
The reason for that remains however unclear for us. On the other hand this 
may have some importance for the construction of superspace versions of 
these theories. A first attempt at a deeper understanding should address 
the 5 dimensional case where auxiliary fields are in principle known. 

For completeness we should also mention related works by Bars, Mac- 



Dowell, Higuchi and Kallosh [25] where the (partially) first order formalism 
of H is combined with an identification of the three form gauge field with 
supertorsion so as to lead to more equivalent forms of classical 11 dimen- 
sional supergravity. Recently a preprint appeared where some first order 
results for the three form sector of lid supergravity are listed, they should 
be obtainable from our formulas by elimination of the Lorentz connection. 
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A Conventions and useful formulas 

The conventions are the following for a .D-dimensional spacetime dimension 
(see [^6| for a more complete discussion): 

r]ab = {-,+,..., +}, £ i...(D-i) = 1) 7a (a = 0, . . . , D - 1) are D gamma 

matrices of dimension 2^ ' which satisfy the Clifford algebra {7 a , 7&} = 2rj a b- 
Here, [r] is the integer part of r (i.e. [4.5] =4). If D is even (odd), 7 £)+1 (l) := 

7°... 7 D - 1 , ( 7 D + 1 ) 2 = (-) £ii ^ ii + 1 l. 

Some definitions and useful 7 matrix product formulas are: 

7ai...a„ :=7[a a •■■la n \ (99) 
we define by 7^ the (n)-form: 

:= 7ai - a " e ai A... Ae a " (100) 
; n! 
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and also 



gbl A "' Aebn 

T(n)oi...a m :— * a i ' " " * a m7(n+m) :_ 7ai...o m 6i...6„ ~~j \ 1U1 J 



for any integers m and n, i a ... mean contraction with the relevant frame 
vector. 

Now, from the standard decomposition formula (complete antisymmetri- 
sation in a m . . . a\ and b\ . . .b n is understood in the above formulas): 



min(m, n) / \ / \ 

\ - ., / m \ n \ 

7om...oi76i...6 n — 2-^i l ' 1 , p Jlil " a l & l ' " " r taib i Ja rn ...a i+ ib i+ i...b rl 



i=0 



(102) 

it is easy to derive: 



7(m) A 7(n) = I m ^" n ]7(m+n) ( 103 ) 



\m.n 

J 7(n)7a ra ...ai 



n 

min(m,n) 



7a m ...ai7(n) 

E e ai A . . . Ae a , A7 (n _ i)am ... o . +1 (104) 

mm(m,n) 



in(m,n) / \ 



where ^™ J stands for ^^y^y. 

The general Fierz formula in any spacetime dimension D is given by: 



/_U+Pl-P2+P2-P3+P3-Pl ° J 

A A^ 3 ) = ^ E rT7 a "- ai ^3 A 002 A 7ai ...a>l) 

(106) 

Where is a (pj)-form anticommuting spinor (i = 1, . . . ,3). Note that 
the summation in ( |106[ ) contains (D + 1) terms. In the case where D is odd, 
half of them can be eliminated by a Hodge-duality transformation (recall 
that in that case ^ D+l ~ 1). Then the summation goes only up to and 
a factor of 2 automatically cancels out in the denominator of fll06|) . 
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The Majorana (form)-spinors (which exist in D = 4 and D = 11) satisfy 
the symmetry property: 



<l p x A7 «i»-«n^ 2 = (_)Pi-P2+^±±^ 2 A7 «i-^ t /, 1 (107) 
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